The both total and binding energies of the (1,1)-states in the weakly-bound three-body muonic ddµ and dtµ ions are determined to high numerical accuracy. The binding energy of the (1,1)-state in the muonic dtµ ion is evaluated as ε(dtµ) = -0.66033254019(30) eV , while for the same state in the muonic ddµ ion we have found that ε(ddµ) = -1.9749827676381(30) eV . These energies are the most accurate numerical values obtained for these systems and they are sufficient for all current and future experimental needs.
In this short communication we report a number of new results of highly accurate computations of the weakly-bound (1,1)-states (or excited P * (L = 1)−states) in the three-body ddµ and dtµ muonic ions. Some time ago these two weakly-bound states were of great interest for the development of the 'resonance' approach to the muon-catalized nuclear fusion (see, e.g., [1] ). On the other hand, these two states can be considered as ideal examples of very weakly-bound three-body Coulomb systems. The dimensionless ratio τ of the binding energy of these two states in the ddµ and dtµ ions to their total energies is substantially less than 0.01 (or 1 %). The value of τ = 1 % is the general criterion of weakly-boundness (or quasi-stability). For the (1,1)-state in the dtµ muonic ion one finds τ ≤ 0.00245 (or τ ≤ 0.245 %). Highly accurate and precise computations of such bound states is a very difficult task, which, however, is of great interest by itself as well as in numerous applications. Also, our results of highly accurate computations of the weakly-bound (1,1)-states in the three-body ddµ and dtµ muonic ions are of interest for the future development of the general theory of bound states in the Coulomb three-body systems with unit charges.
The total and binding energies obtained in this study for the weakly-bound (1,1)-states in the three-body ddµ and dtµ muonic ions can be considered as the final results for these systems. All systems mentioned in this study are considered within the framework of the non-relativistic three-body Coulomb problem.
In calculations of the (1,1)-states of the three-body ddµ and dtµ ions we apply our exponential variational expansion [2] (see also [3] ) which was substantially modified to increase its overall accuracy and efficiency. Such modifications include the use of short-term cluster functions [4] , careful optimization of a large number of non-linear parameters of the method [5] , additional optimization of the 'fast' non-linear parameters and other similar steps. The explicit form of the exponential variational expansion in perimetric/relative coordinates takes the form
where C i are the linear (or variational) parameters, α i , β i , γ i are the non-linear parameters.
The operatorP 21 is the permutation operator of identical particles 1 and 2, e.g., the two deuterium nuclei in the ddµ ion. For the dtµ ion the presence of this operator in Eq.(1) has no sense and we add the Kronecker delta δ 21 to cancel the second term from the final expression.
The notation Y
LM (r 31 , r 32 ) stands for the bipolar harmonics [6] which are explicitly defined in [6] (see also [8] , where r ij = r i − r j is the interparticle vector and k is the unit vector oriented along z−axis. Angular integration in all arising integrals is reduced in this case to the calculation of three 'angular' integrals over directions of the k−vector (for more detail, see, e.g., [7] ). However, in actual numerical computations of any bound state with L ≥ 1 it is better to apply the bipolar harmonics defined in [6] , since this method is more advanced, universal and reliable. The angular integrals of the products of bi-polar harmonics are always expressed the scalar functions of the three relative coordinates r 32 , r 31 , r 21 . This fact has a fundamental meaning for highly accurate computations of arbitrary three-body systems considered in the non-relativistic approximation (see discussion in [9] ).
The relative coordinates r ij , where (ij) = (ji) = (32), (31), (21), are defined as follows r ij =| r i −r j |, where r i and r j are the corresponding Cartesian coordinates of point particles and i( = j) = (1, 2, 3). Also, in Eq.(1) the notations u 1 , u 2 , u 3 stand for three perimetric coordinates which are simply related with the relative interparticle coordinates r 32 , r 31 and r 21 by the following linear relations
where r ij = r ji . In contrast with the relative coordinates r 32 , r 31 , r 21 the three perimet- ) for the Coulomb three-body system(s) with unit charges. The explicit form of the Hamiltonian H can be found, e.g., in [4] and [5] .
In this study we designate the bound states in three-body muonic ions abµ by applying the system of two-center notations (ν, Λ). This system was originally developed for the adiabatic, two-center molecular ions. The quantum number ν is the 'vibrational' quantum number, while the 'rotational' quantum number Λ is the maximal (absolute) value of the projected angular momentum L on the molecular axis, i.e. the axis which passes through the two heavy nuclei. Briefly, we can write Λ = max(L · n), where n is the unit vector directed along the molecular axis. An alternative 'atomic' system of notations is based on the use of quantum numbers L (or L(L + 1) ) and M = L z , which are more appropriate for the one-center Coulomb system. In the atomic system of notation the excited (1,1)-states in the three-body ddµ and dtµ ions are designated as the excited P * (L = 1)−states.
Results of our numerical computations of the total energies of the (1,1)-states in the three-body ddµ and dtµ muonic ions can be found in Table I Based on the results (total energies) from Table I we can predict the following numerical evaluations for the 'exact' total energies E of the weakly-bound (1,1)-states in the dtµ and ddµ ions:
where all energies are presented in muon-atomic units, while the indeces o and n mean the 'old' and 'new' sets of particle masses. If we know the total energies E of these two ions, then it is easy to determine the corresponding binding energies. In general, the binding energy of an arbitrary three-body muonic ion abµ is the difference between its total energy E(abµ) and the total energy of the heaviest muonic atom (bµ) in its ground S−state. This means that we need to subtruct the ttoal energies of the ground S−state of the tµ and dµ atoms from the results shown in Eqs. (5) and (6), respectively (for more detail, see discussion of binding energies of muonic molecules in [2] and [8] ). By calculating the corresponding binding energies for each of these systems and by applying the numerical value of double Rydberg mentioned above one finds from Eqs. (5) - (6) ε o (dtµ) = −0.66033844217(30)eV , ε n (dtµ) = −0.66033254019(30)eV (or fast) formation of the six-body molecular cluster d(dtµ)e 2 (or two-center quasi-molecule dXe 2 , where X = (dtµ), for short) can proceed, e.g., in the following way (for more details, see, e.g., [1] ):
Note that this reaction does not lead to the emission of a free electron, i.e. we cannot observe any ionization of the final six-body quasi-molecule and formation of the five-body quasi-molecular {[d(dtµ)]e} + ion. Such five-body ions are formed during the non-resonance (or slow) process of the muon-catalized fusion [14] . In general, ionization of the six-body quasi-molecule [d(dtµ)]e 2 can be avoided, if the energy released during the formation of the three-body muonic (dtµ) + ion is less than ionization energy of this six-body quasi-molecular cluster. Furthermore, the value of released energy must be close (and even very close) to the excitation energy of the six-body quasi-molecular cluster [d(dtµ)]e 2 mentioned above [1] .
This means that numerical values from Eqs. (7) and (8) have to be approximately equal to the excitation energies of some vibrational and rotational energy levels in the two-center (quasi-adiabatic) molecular cluster d(dtµ)e 2 (more details can be found in [1] ).
In other words, the resonance formation of the d(dtµ)e 2 quasi-molecule will proceed in those cases, when this two-center system has a rotationally and vibrationally excited state (1,1)-state was observed in numerous experiments (see, e.g., [11] , [12] , [13] and references in with the results of earlier variational studies (see, e.g., [2] , [15] , [16] , [17] ) illustrates an amazing progress which has been achieved in accurate bound state computations of threebody systems with arbitrary particle masses and electrical charges (non-atomic three-and few-body systems).
On the other hand, it became finaly clear that during the actual muon-catalyzed nuclear fusion all three-body ions, including (ddµ) + and (dtµ) + , are formed and exist only as internal parts (or internal clusters) in the six-, five-and four-body quasi-molecular and quasi-atomic to direct electromagnetic interactions of these three-body ions with electrons and bare nuclei of hydrogen isotopes. This means that we need to study the internal structure of such fiveand six-body systems and their bound state spectra [18] . First attempts to evalute the bound state properties and total and/or binding energies of some five-and six-body systems, which include three-body muonic ions, have been made in [18] (see also [19] ), where we used the variational expansion written in multi-dimensional gaussoids of the relative inter-particle coordinates (this expansion was proposed and developed in [20] ). By using some effective optimization strategies for the non-linear parameters in such variational expansions we could obtain a number of interesting results (for more detail, see [18] ) for many bound states in the five-body (one-center) ions abµe 2 and six-body (two-center) quasi-molecules abcµe 2 .
Accurate numerical investigations of such five-and six-body systems open a new avenue in our understanding of many processes which occur during the muon-catalyzed nuclear fusion.
As follows from these arguments, further theoretical and numerical analysis of isolated threebody muonic ions, including the (ddµ) + , (dtµ) + ions, is of a quite restricted interest only.
Moreover, results of theoretical studies of isolated (ddµ) + and (dtµ) + ions are not critical anymore for the planning of future experiments.
